Abstract. This paper concerns the study of Leibniz algebras, a natural generalization of Lie algebras, from the perspective of centralizers of elements. We study conditions on Leibniz algebras under which centralizers of all elements are ideal. We call a Leibniz algebra, a CL-algebra if centralizers of all elements are ideal. We discuss nilpotency of CL-algebras.
Introduction
In [10] , J.-L. Loday introduced some new types of a non-anticommutative version of Lie algebras along with their (co)homologies. Historically, such algebraic structures had been studied by A. Bloh who called them D-algebras [7] . In this new types of algebra, the bracket satisfies Leibniz identity instead of Jacobi identity and such algebras are called Leibniz algebras.
In group theory, centralizers give many useful pieces of information about the structure of the group. Investigations of centralizers is an interesting research area in group theory, [3, 6] . Centralizers of Lie algebras are studied in many articles, [5, 14, 13] . This article is a contribution to the development of the nonassociative algebras theory from the perspective of centralizers of elements of Leibniz algebras. Leibniz algebras whose subalgebras are ideal are studied in [8] .
In this article, we first study conditions on Leibniz algebras for which centralizer of all elements of Leibniz algebras is an ideal. We call Leibniz algebras which satisfies the required conditions, CL-algebras. The main question attacked in this paper is whether a finite-dimensional nilpotent Leibniz algebra is a CLalgebra or not. We show in theorem 4.3 that any nilpotent complex Leibniz algebra up to dimension four is a CL-algebra. We define a notion of CL-property in a Leibniz algebra. Elements which satisfies the CL-property are called CLelements. Finite group actions on Leibniz algebras are studied in [11] . We show that a CL-element is preserved under the group actions on Leibniz algebras. At the end of this article, we mention some questions for further study.
Preliminaries
In this section, we discuss some basics of Leibniz algebras. Definition 2.1. Let K be a field. A Leibniz algebra is a vector space L over K, equipped with a bracket operation, which is K-bilinear and satisfies the Leibniz identity:
[ Note that any Lie algebra is automatically a Leibniz algebra as in the presence of skew symmetry the Jacobi identity is same as Leibniz algebra. A Leibniz algebra (L, [, ] ) is called an abelian algebra if [x, y] = 0 for all x, y ∈ L.
A morphism between two Leibniz algebras L 1 and L 2 is a K-linear map f : 
Given a Leibniz algebra L, we define the following two sided ideals:
Definition 2.5. A Leibniz algebra L is called a nilpotent Leibniz algebra if there exist n ∈ N such that L n = 0. Suppose n ∈ N is least and L n = 0 then we call L is a n-step nilpotent Leibniz algebra.
Note that, any nilpotent Leibniz algebra is a solvable Leibniz algebra but converse is not true in general.
Definition 2.7. An ideal P of a nilpotent Leibniz algebra L is called nilpotent if P is nilpotent as a Leibniz algebra. 
CL-algebras
In this section, we study conditions on Leibniz algebras under which centralizers of all elements are ideal. We introduce a subclass of collection of all Leibniz algebras, we call members of this subclass, a CL-algebra. We give some examples of CL-algebras and in 3.10, we show that the centralizer of an element in a CL-algebra is an ideal. Definition 3.1. Let L be a Leibniz algebra over a field k. We define centralizer of x ∈ L as follows:
So, the centralizer of x ∈ L is both left and right centralizer of x. 
For example in algebra with multiplication [e 3 , e 3 ] = e 1 , [e 1 , e 3 ] = e 2 , there is C L (e 3 ) = < e 2 >, and [e 3 ,
. From the bilinearity of bracket operation, 
A Leibniz algebra L is called a right CL-algebra if it satisfies the following conditions:
A Leibniz algebra L is called a CL-algebra if it is both a left and a right CL-algebra. 
Remark 3.6. To verify a Leibniz algebra is a CL-algebra, we need to check the following conditions for all
x ∈ L, (1) [[x, L], C L (x)] = 0, (2) [[L, x], C L (x)] = 0, (3) [C L (x), [L, x]] = 0.[a, a] = b, [b, a] = [b, b] = [a, b] = 0
. It is enough to check the conditions of CL-algebras for the basis elements. For the basis elements, we have,
Thus, L is a CL-algebra, which is non-abelian.
[
Similary, using the second equation of left CL-algebra, one can easily show
It is easy to see from the Leibniz identity that L is a left CL-algebra. One can similarly show for the right CL-algebra case.
Remark 3.11. Theorem 3.10 gives us a motivation for the conditions of CLalgebras. We wrote conditions in 3.4 
in such a way that left CL-algebra implies C L (x) is a left ideal and right CL-algebra implies
An element a ∈ L is said to have the right CL-property if for all y ∈ C L (x) and x ∈ L, we have
14. An element a ∈ L is said to have the CL-property if it satisfies both left and right CL-property.
Remark 3.15. We call an element having CL-property a CL-element. Note that,the additive identity 0 is a CL-element. 
Proof. Suppose a ∈ L 1 has the CL-property. For y ∈ C L (x) and using proposition 3.18, we have,
Thus, set of all CL-elements are invariant under ismoomorphism of Leibniz algebras. 
Nilpotency of CL-algebras
In this section, we study how nilpotent Leibniz algebras are related to CLalgebras. We attempt to answer the following questions: To answer the question 4.1, we consider the following example. Let K be complex field and L is a 3 dimensional Leibniz algebra generated by the basis elements {e 1 , e 2 , e 3 } with bracket [e 3 , e 3 ] = e 1 , [e 3 , e 2 ] = e 2 , [e 2 , e 3 ] = −e 2 and all other product is 0. Now,
Thus, L is not nilpotent but L is a CL-algebra as C L (e 1 ) = < e 1 , e 2 , e 3 >, C L (e 2 ) = < e 1 , e 2 >, C L (e 3 ) = < e 1 >. Now,
Thus not all CL-algebras are nilpotent. To attempt the question 4.2, we consider the following theorem.
Theorem 4.3. Nilpotent complex Leibniz algebras up to dimension 4 are CLalgebras.
Proof. Suppose L is a finite dimensional complex Leibniz algebra. Case:1 Suppose the dimension of L is 1. So, L is abelian and any abelian Leibniz algebra is automatically a CL-algebra.
Case:2 Suppose the dimension of L is 2. By theorem 2.8, up to isomorphism there are only two Leibniz algebra of dimension 2.
Case:3 Suppose the dimension of L is 3. By theorem 2.9, upto isomorphism there are only six Leibniz algebra of dimension 3.
Case:4 Suppose L is four dimensional and L =< e 1 , e 2 , e 3 , e 4 >. By the classification theorem 2.10 of nilpotent Leibniz algebras of dimension four, we have the following seventeen non-isomorphic classes: Thus, nilpotent algebras of dimension less than equal to four are CL-algebras.
Group actions and CL-algebras
In [11] author has defined a notion of a finite group actions on Leibniz algebras. In this section, we study the CL-property of Leibniz algebras under actions of finite groups.
Definition 5.1. Let L be a Leibniz algebra and G be a finite group. The group G is said to act from the left if there exists a function φ : G × L → L, (g, x) → φ(g, x) = gx satisfying the following conditions.
(1) For each g ∈ G the map x → gx, denoted by ψ g is linear.
(2) ex = x for all x ∈ L, where e ∈ G is the group identity. (3) g 1 (g 2 x) = (g 1 g 2 )x for all g 1 , g 2 ∈ G and x ∈ L. The following is an alternative formulation of the above definition. 
Proof. For x ∈ L and y ∈ C L (x), We define a map Note that, the above defined map is just a restriction of the group action map φ on C L (x). 
